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Draw BD bisecting the angle B; 
also draw DE and DF, respectively 
parallel to AB and BO, Then will 
BEDF be an equilateral quadrilateral 
of which BD and EF are diagonals. 

Let x represent the side of this 
quadrilateral. Then by similar trian. 

(b — x) : x = b : a; .' . ab — ax = bx, or ax + bx = ab ; 

ab 

which is the equation of the 4th proport'l existing between the lines a and b. 

As the sides of a quadrilateral equilateral can be ascertained from the 
sides of the included angle, the diagonals of which are the measures of the 
angle, not by the degrees of an imaginary arc but by actual latitude and 
departure, two sides of a triangle with any data from which one of these 
diagonals may be determined, the unknown side and all other things about 
the triangle may be determined. That is, it solves all the cases of plane 
Trigonometry by measurement only, without the use of a table. 

This method suggests a cheap and simple instrument for the field that 
would do all the work of the transit more simply and with equal accuracy. 
And for the observatory, where the quadrangle might be of any desir'd size, 
the latitude and departure to the T ^-g- part of every second in the semicircle 
might be read from the diagonals without the necessity of a single calcul'n. 



SOLUTION OF PROB'S IN NO. 2; CONTINUED FROM P. 103. 



306. "If N is an odd number and m the number of odd numbers less 
than N and prime to it (including 1), then JV is a divisor of one of the two 
numbers 2 m ±l." 

SOLUTION BY PROF. WM. WOOLSEY JOHNSON. 

The number of odd numbers less than and prime to an odd number is 
one half of the whole number of numbers less than and prime to the given 
number; for, corresponding to every odd number r less than and prime to 
N, there is an even number JV — r, also less than and prime to N. Hence 
f{N) denoting this whole number, the theorem is that when JVis odd either 

2 W * ) -1 or 2* W +1 

is divisible by JV. But the theorem may be generalized thus, If a is prime 
to JV, one of the quantities 
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MX) , MX) , t 

« — 1 or a +1 

is divisible by N [except when N = 2, the only case in which f(N) is an 

odd number] . 

By Euler's extension of Fermat's Theorem (see Serret's Course d'Alge - 

bre Supe'rieure, 3rd Ed., Vol. 2, p. 36) 

o? {N) —l is divisible by N, (1) 

and if N — a n ft p f . . . ., a, /3, }- being the different prime factors of N, 

we have <p(N) = a"-* p-if-i . . . («_l)(/3— l)(j-— 1), 

whence if N = Nj^Nq, where 1^ and N% are prime to one another, we have 

f {N) = <p(N 1 ). 9 (N 2 ). (2) 

Now unless N is a power of a prime or double the power of a prime, it 
will be possible to take N x and iV 2 each greater than 2, and therefore <p(N t ) 
and <p(N 2 ) will both be even numbers. It follows that %<p(N) is a common 
multiple of (p(N x ) and f{N 2 ) and therefore aMX) — 1 is divisible by a^(-^i) 
— 1 and ai>(X 2 ) — 1 ; hence by (1) it is divisible by N x and by N 2 , and since 
N 1 and N 2 are prime to one another, it is divisible by N 1 N 2 , that is by N. 

The cases excluded above are those in which N is of the form a", 2a n or 
2 r , a denoting an odd prime, and r > 1. 

w u *W 1 r MX) -nr MX) . .,, ,„, 

We have a — 1 = [a — l][a +1J. (3) 

Now if N = a", since by (2) the first member of (3) is divisible by a", one 

of the factors in the second member is divisible by the prime a, and since 

these factors differ by 2 units, the other is not so divisible; therefore the 

former factor is divisible by a" that is by N. 

Again if N = 2a n the same proof shows that one of the factors is divisi- 
ble by a", but since in this case the first member of (3) is divisible by 2a", 
one of the factors is divisible by 2, and therefore since they differ by 2 both 
factors are so divisible, and hence one of them is divisible by 2« n i. e. by N. 

Again if N = 4, both the factors in the second member of (3) are proved 
as above to be even and since they differ by 2 one of them is divisible by 4. 

Finally if N = 2 r where r > 2, a, which is by hypothesis prime to N, is 
odd, and we may write a = 2 2 &±1, where k is an integer. Squaring suc- 
cessively we have a 2 =2 3 & 1 +1, 

a? =2^ 2 +l, 



a 2^ ==2 '-^_ 2 + l. 
Now in this case <p{~N) = 2'- 1 and J^(N) = 2 r ~ 2 , hence the final equa- 
tion expresses that 
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307. "Three points are taken at random in the surface of the northern 
hemisphere ; find the chance that the small circle through the points lies 
wholly north of the equator, supposing the earth a perfect sphere." 

SOLUTION BY PROF. E. B. SEITZ, KIRKSVILLE, MO. 

Let NEGF be the equator, A, B, C, three random points in the surface 
of the northern hemisphere, M the center of the small circle through A, B, 
C, the center of the earth, and OP a radius such that AB is parallel to 
the plane MOP. From P as a pole, describe EK- \ 
FL, the circumference of a great circle. 

Now instead of confining the three points to the I 
surface of the hemisphere whose great circle is NE- 
GF, we will confine them to the surface of the hem- [ 
isphere whose great circle is EKFL, and consider 
the number of ways they can be taken, so that the [ 
circle through them shall lie wholly in the hemi- 
sphere. This will evidently give the same result as that required in the 
question. 

Let OA = r, lAOM = 0, IBAM = <p , / CAM= </>, /_MOP = n, 
and the angle the plane MOP makes with a fixed plane through OP — a. 
Then an element of surface at A is 27rr 2 sin Odd, at B it is 4r 2 sin 6 cos fdfdfi, 
and at G it is 4r 2 sin 6 sin /z cos (fi sin (<p + <p)d<pdw. The limits of 6 are and 
\it; off, — \n and \n; of (p, — <p and \n, and doubled; of ft, and \tz — 
6 ; of a), and 2n. Hence, since the whole number of ways the three p'ts 
can be taken in the surface of a hemisphere is (2nr i f, the required chance is, 

(2 — *rV J J J J 32m- 6 sin s 0d0cosfo!f cos ^sin(f +$£)(%!> 

xsinududu) 
= — J J J J sm 3 ^°^ cos ¥ df cos <p sin(^> -\-<f)d<p sin fid/u 

= — J I I (1 — sin0)sin 3 0eWcosy> cos^sin(^-f-^)c^ 




8 p 1 r 



'if 

[(^+p)sinf-fcos^](l — sin0)shrW0cosfdf 



= 6 J*"" (1— sin d)sm*6dd = 4 — £ it. 

[Mr. Adcock obtains, for the required probability, 2^(f — tVO* tne nu- 
merical value of which does not differ much from that obtained by Prof. S. 
The method he employs, however, is similar to that of his published solu- 
tion of 286, which is incorrect, as we have before stated, because the units 
in the numerator and denominator are dissimilar, and therefore not necessa- 
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rily equally probable. For instance, a finite number of units in the nume- 
rator contains, as individual units, many concentric circles; whereas it may 
easily be shown that the chance that there will be two concentric circles in a 
finite number of units of the denominator, is infinitely small. 

Mr. Adcock requests us to make the following corr. in his solution of 286 : 
"For number of positions use the number of combinations instead of the 
number of permutations. For instance, for i^mV read, JAV." — Ed.] 



308. "Evaluate 

2 dx sin [x(a — &•)] and I ^ dx cos \x(a — %)~\ 
by a rapidly converging series." 

SOLUTION BY R. J. ADCOCK, EOSEVILLE, ILL. 

Q . • / o^ , (ax — a; 2 ) 3 , (ax — a?) 5 i i ^ 

Since sin (ax — x 2 ) = ax— x 2 — , - ' — \- \ n „ . ' — &c, and by p'ts, 
v ' 1.2.3 1.2.3.4.5 ' J r > 

C(a—xYx"dx = («-^)" +1 ^ <«— x) n +*x n -\ n(n-l)(a— xf+h^ 
J y ' »+l (n+l)(n+2) (n+l)(n+2)(n+3) 

— &c.+C. 
%«■ 

(a — x)xdx = — \{a — x) 2 x — \{a — a;) 3 + C = -j^a 3 , and 
o 

(*-x) 3 ^= m , J fl (a-xfx^dx^^^; hence 
which converges rapidly for values of a not greater than one. 



/ 



SOLUTIONS OF PROBLEMS IN NUMBER THREE. 



Solutions of problems in No. 3 have been received as follows : 

From Geo. H. Bangs, 311; Alex. S. Christie, 310; Prof. W. P. Casey, 

309, 310, 311 ; Geo. Eastwood, 310; Prof. E. J. Edmunds, 309, 310 ; H. 
Heaton, 310, 311, 312; Lieut. Jas. M. Ingalls, 312; Prof. J. H. Kersh- 
ner, 309, 310, 311, 312 [Prof. Kershner should have been credited in No. 
3 for a solution of 304, which was omitted by an oversight] ; W. L. Marcy, 
311; Prof. D. J. McAdam, 311; P. Richardson, 311; Prof. J. Scheffer, 

310, 311, 312; J. L. Schock, 312; Prof. De Volson Wood, 311. 

309. "In a given circle, find the vertices of the inscribed square, pen- 
tagon, octagon, and decagon by using the dividers alone." 



